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An algorithm presented by K. Lake to obtain all static spherically symmetric perfect fluid solutions
was recently extended by L. Herrera to the interesting case of locally anisotropic fluids (principal
stresses unequal). In this work we develop an algorithm to construct all static spherically symmetric
anisotropic solutions for general relativistic polytropes. Again the formalism requires the knowledge
of only one function (instead of two) to generate all possible solutions. To illustrate the method
some known cases are recovered.
I. INTRODUCTION
The general formalism to study polytropes for anisotropic
matter has been presented in recent papers [1–3]. The
motivations to undertake such a task are the fact that
the polytropic equations of state allow us to deal with a
variety of fundamental astrophysical problems (see Refs
[4–21] and references therein). Also, the local anisotropy
of pressure may be caused by a large variety of physical
phenomena of the kind we expect to find in compact ob-
jects [22–35]. Among all possible sources of anisotropy
let us mention two which might be particularly related
to our primary interest: (i) the intense magnetic field
observed in compact objects such as white dwarfs, neu-
tron stars, or magnetized strange quark stars [36–41]
(in some way, the magnetic field can be addressed as
a fluid anisotropy) and, (ii): the viscosity, which is an-
other source of anisotropy expected to be present in neu-
tron stars and, in general, in highly dense matter (see
Refs. [47–54]). We are not concerned by how small the
resulting anisotropy produced in this last case might be,
since the occurrence of an interesting fenomena such as
cracking [55] may happen even for slight deviations from
isotropy. On the other hand, in the context of Newto-
nian gravity, polytropic equations of state are particu-
larly useful to describe a great variety of situations (see
Refs. [4–11] ), their great success stemming mainly from
the simplicity of the equation of state and the ensuing
main equation (Lane-Emden). Polytropes in the context
of general relativity have been considered in Refs. [3, 12–
15].
The theory of polytropes is based on the polytropic equa-
tion of state, which in the Newtonian case reads
P = kργ0 = kρ
1+ 1n
0 , (1)
where P and ρ0 denote the isotropic pressure and the
mass (baryonic) density, respectively. The constants
k, γ, and n are usually called the polytropic constant,
polytropic exponent, and polytropic index, respectively.
In the general relativistic anisotropic case, two possible
extensions of the above equation of state are possible,
namely
Pr = Kρ
γ
0 = Kρ
1+ 1n
0 (2)
Pr = Kρ
γ = Kρ1+
1
n , (3)
where Pr and ρ denote the radial pressure and the en-
ergy density, respectively. It is important to emphasize
that the assumption of either (2) or (3) is not enough
to integrate completely the field equations, since the ap-
pearance of two principal stresses (instead of one) leads
to a system of two equations for three unknown functions.
Thus, in order to integrate the obtained system of equa-
tions, we need to provide further information about the
anisotropy, inherent to the problem under consideration.
Also we can proceed in a different way in order to inte-
grate the set of equations. We impose certain conditions
on the metric variables that can have physical relevance.
An example of this procedure is adopting the vanishing
of the Weyl tensor, usually referred to as the conformally
flat condition [56].
Some years ago, Lake [57] developed an algorithm which
produced all static spherically symmetric and isotropic
perfect fluid solutions based on a single generating func-
tion, thus constructing an infinite number of previously
unknown solutions physically relevant. This work was
subsequently extended by Lake himself [58] and by Her-
rera et al. [59] to the case of locally anisotropic fluids,
which describes very reasonably the matter distribution
of a great varity of situations of interest (see, for example,
Ref. [60] and references therein). In this case, the pro-
tocol to obtain all the static and anisotropic solutions of
Einstein’s equations can be summarized as follows. Given
a line element parametrized as
ds2 = −eν(r)dt2 + eλ(r)dr2 + r2dΩ2, (4)
from where, considering an anisotropic fluid, the Einstein
2field equations read
e−λ
r2
− 1
r2
− e
−λλ′
r
= −8piρ (5)
e−λ
r2
− 1
r2
+
e−λν′
r
= 8piPr (6)
e−λ (2rν′′ − (rν′ + 2) (λ′ − ν′))
4r
= 8piP⊥, (7)
we introduce the variables
eν = e
∫
(2z(r)−2/r)dr (8)
e−λ = y(r), (9)
where z and y are the so–called generating functions. In
terms of these functions, we obtain
eλ =
z2e
∫
([4/r2z]+2z)dr
r6(−2 ∫ z(1+Πr2)e∫ ([4/r2z]+2z)drr8 dr + C) , (10)
where C is a constant of integration and Π = 8pi(Pr−P⊥).
Then, replacing (8) in (5), (6) and (7), we arrive to
4piρ =
m′
r2
(11)
4piPr =
z(r − 2m) +m/r − 1
r2
(12)
4piP⊥ =
(
1− 2m
r
)
F(z) + z
(
m
r2
− m
′
r
)
, (13)
where
F(z) = z′ + z2 − z
r
+
1
r2
(14)
and the mass function m(r) is defined by
e−λ = 1− 2m
r
. (15)
Note that, in contrast with the isotropic case reported
in Ref. [57], three physical variables (principal stresses
unequal) came into play. Therefore, in order for this
protocol to work, two generating functions are needed;
namely, z(r) and y(r). Interestingly, if a less general
technique of generation is required, only one input func-
tion is necessary, as shown in [61], to convert isotropic
Newtonian static fluid spheres into general relativistic
anisotropic static fluid spheres. A different possibility
is to provide one generating funtion and an additional
ansatz such as the conformally flat condition, certain en-
ergy density distribution or a non local equation of state
[59], for example.
In this work we shall develope a protocol to generate
all static and spherically symmetric anisotropic solutions
for general relativistic polytropes. We note that the con-
straint introduced by the polytropic equation of state
gives place to only one generating function. Given the
interest in polytropic equations of state for the relativis-
tic community, the protocol here developed could be of
interest in several contexts (for applications of polytropes
in astrophysics and related fields, see, for example, Ref.
[62]).
In the next section we shall present the general equations
and the algorithm which permits to construct all the so-
lutions previously mentioned and then we shall obtain
the generating function for a specific solution previouly
considered in the literature.
II. THE ALGORITHM
In this section we develop an algorithm to obtain all static
and spherically symmetric anisotropic solutions for gen-
eral relativistic polytropes. For this purpose we shall
consider a line element parametrized in Schwarzschild-
like coordinates as Eq. (4)
Let us introduce the generating function, y(r), by means
of
e−λ = y(r). (16)
Considering the polytropic equation of state
Pr = kρ
1+ 1n , (17)
Eqs. (5), (6) and (7) can be written as
y
r2
− 1
r2
+
y′
r
= −8piρ (18)
y
r2
− 1
r2
+
yν′
r
= 8pikρ
1
n+1 (19)
(rν′ + 2) (y′ + yν′)
4r
+
2ryν′′
4r
= 8piP⊥. (20)
Using (18) and (19) we obtain
ν′ =
k(8pi)−1/nr−2/n (−ry′ − y + 1) 1n+1
ry
− y + 1
ry
. (21)
Integrating the above equation, the metric function ν(r)
turns to be
ν =
∫ r r− n+2n (k (−ry′ − y + 1) 1n+1 − (8pir2) 1n (y − 1))
(8pi)
1
n y
dr.
(22)
Then, replacing Eqs. (16) and (22) in Eq. (4), the line
element takes the form
3ds2 = −exp
(∫ r r− n+2n (k (−ry′ − y + 1) 1n+1 − (8pir2) 1n (y − 1))
(8pi)
1
n y
dr
)
dt2 + ydr2 + r2dΩ2. (23)
Finally, after a long but straightforward calculation, the
tangential pressure can be expressed in terms of the
generating function as
8piP⊥ =
r−
2(n+2)
n
4y
(
64−1/npi−2/n
n
(k2n (−ry′ − y + 1)
2
n+2 + k(8pi)1/nr2/n (−ry′ − y + 1)1/n×
× (y (−2(n+ 1) (r2y′′ + 2)− nry′)+ nry′ (ry′ − 3) + 2(n+ 2)y2 + 2n)+
+ 641/nnpi2/nr4/n (r(y − 1)y′ + (y − 2)y)) + r4/n). (24)
Therefore, the system is completely determined once the
generating function, y(r), is provided.
At this point, a couple of comments are in order. First,
note that the mass function, m(r), is related to the gen-
erating function by means of
y = 1− 2m
r
. (25)
Therefore, using the fact that Einstein’s equations imply
4piρ = m
′
r2 , we have
ρ =
1− y − ry′
8pir2
. (26)
Then, Eqs. (17), (24) and (26) express the physical vari-
ables in terms of the generating function. Even more, us-
ing the polytropic equation of state (see Eq. (17)), and
Eqs. (25) and (8), it can be seen that the anisotropic
system described by (11), (12) and (13) is reduced to the
polytropic case under study. In this sense, the protocol
for the polytropic fluid developed here is consistent with
the most general case reported in [59]. Second, physically
meaningful solutions should satisfy the weak and null
energy conditions (WEC and NEC, respectively) which
read ρ > 0 and ρ+ Pr > 0 and ρ+ P⊥ > 0. Considering
the fluid satisfies the WEC and k > 0, which, although
discards some cosmological fluids such as the cosmologi-
cal constant, quintessence and k-essence and some phan-
tom models [63], is a reasonable assumption, the NEC
is automatically satisfied for the radial pressure. There-
fore, only the NEC for the perpendicular component of
the pressure remains to be considered. However, due
to the intrincate expression obtained for P⊥(r) in terms
of the generating function, this last condition has to be
studied in detail for any particular case in which we are
interested.
III. A PARTICULAR CASE
In this section we obtain the generating function for a
particular solution reported in Ref. [1] based on the
generalized Tolman-Oppenheimer-Volkoff equation in the
form
P ′r =
−ν′
2
(ρ+ Pr) +
2(P⊥ − Pr)
r
, (27)
together with a specific form for the anisotropy ∆ =
P⊥ − Pr = Cf(Pr , r)(ρ + Pr)rN . In this previous equa-
tion, C is a parameter encoding the anisotropy, and f
and N are certain function and number specific for each
model studied (see [64] for details). In particular, if
f(Pr, r)r
N−1 = ν
′
2 is assumed, then Eq. (27) reads
dPr
dr
= −h(ρ+ Pr)ν
′
2
, (28)
where h = 1 − 2C. As noted in [1], after defining the
usual variable entering the Lane-Emden equation, ψn,
as
ρ(r) = ρcψ
n(r) (29)
where ρc is the energy density at the center of the object,
Eq. (28) can be integrated, which produces
eν(r) =
(
1− 2M
rΣ
)
(1 + αψ)−
2(n+1)
h , (30)
where M and rΣ are the mass and radius of the object
and α = Pc/ρc with Pc the radial pressure at the cen-
ter.
Now, in order to obtain the generating function for this
case, let us replace Eq. (29) in Eq. (18) and let us solve
for y′(r) to obtain
y′ =
−8piρcr2ψn − y + 1
r
. (31)
4Then, combining (31) and (16) we arrive to
ν′ =
8pikr2ρ
1
n+1
c ψn+1 − y + 1
ry
. (32)
Finally, after deriving Eq. (30) to obtain
ν′ = −2αk(m+ 1)ψ
′
αhψ + h
, (33)
and using (32) and (33), the generating function takes
the form
y =
h(αψ + 1)
(
8pikr2ρ
1
m+1
c ψm+1 + 1
)
αhψ + h− 2αk(m+ 1)rψ′ , (34)
which concludes the protocol. At this point, it is worth
mentioning that although once the generating function
is obtained the Einstein’s equations are formally solved,
as previously mentioned, the constraint given by Eq.
(31) must be fulfilled in order to obtain ν(r).
In the above result we have implemented some kind of
inverse protocol to demonstrate that, once a solution
of the Einstein’s equations is given, the generating
function can be constructed. However, we can go a step
further by implementing an extra condition in order
to obtain a differential equation whose solution is the
generating function. This can be done for example, by
implementing a geometric constraint as the conformally
flat condition [3].
This assumption is based on the role of the Weyl tensor
in the structure and evolution of self-gravitating systems.
Indeed, for spherically symmetric distributions of fluid,
the Weyl tensor may be defined exclusively in terms of
the density contrast and the local anisotropy of the pres-
sure that can affect the fate of gravitational collapse (see
for instance [65]). So, in order to find the generating
function, we may provide an additional ansatz. Thus,
for example, in the spherically symmetric case we know
that there is only one independent component of the Weyl
tensor, namely
W =
r3e−λ
6
(
eλ
r2
+
ν′λ′
4
− 1
r2
− ν
′2
4
− ν
′′
2
− λ
′ − ν′
2r
)
(35)
Now, using (16), the conformally flat condition, namely
W = 0, reduces to
r (rν′ − 2) y′ + y (r (2rν′′ + ν′ (rν′ − 2)) + 4)− 4
ry
= 0,
(36)
from where we obtain
ν =
∫ r 2(√y(u) + 1)
u
√
y(u)
du + c1. (37)
Replacing the above equation in Eqs. (18) and (19) we
get
8pirρ+ y′ +
y − 1
r
= 0 (38)
3y + 2
√
y − 1
r2
= 8pikρ
1
n+1, (39)
from where, after eliminating ρ using the polytropic equa-
tion of state, we arrive to
3y + 2
√
y − 1
r2
= k(8pi)−1/n
(−ry′ − y + 1
r2
) 1
n+1
. (40)
Although the above result is a differential equation for
the generating function y(r) which does not admit ana-
lytical solutions in general, it can be solved algebraically
for y for the n = −1 case, giving
y =
5
9
+
8
3
pikr2 ± 4
9
√
6pikr2 + 1. (41)
Therefore, for this particular case, the conformally
flat condition results in a simple form for the generating
function. However, in order to apply the protocole here
presented by using this condition to find the generating
function, numerical solutions to Eq. (40) have to be
explored.
IV. REMARKS AND CONCLUSIONS
In this work we have developed an algorithm to construct
all static spherically symmetric anisotropic solutions for
general relativistic polytropes in terms of one generat-
ing function, illustrating the method by recovering some
known cases. In this sense, on one hand, once certain so-
lution to the field equations is given, the generating func-
tion can be obtained. On the other hand, the direct com-
putation of this generating function requires the knowl-
edge of an extra constraint which, in order to give an
example, here we have chosen to be the conformally flat
condition. The protocole here presented could be useful
for dealing with several phenomena in which anisotropic
polytropes appear, with emphasis in the physics of com-
pact objects.
Finally, it should be stressed that the models are pre-
sented with the only purpose to illustrate the method.
The natural way to obtain models is by providing the
specific information about the kind of anisotropy present
in the problem under consideration or, in other case, pre-
senting some relations of the metric functions as in the
conformally flat case. It has to be stressed that the con-
formally flat condition implies energy density homogene-
ity for the perfect fluid sphere. This in turn implies that
there are not bounded isotropic conformally flat poly-
tropes. Therefore, our conformally flat models are neces-
sarily anisotropic and are not continuously linked to the
isotropic sphere.
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